In this paper we generalize the method of sweeping, which may be used for both object representation and object visualization, to objects in E 4 . The generalized sweeping method involves a trajectory in E 4 , and a three-dimensional cross-section orthogonal to the trajectory. Three alternatives are considered for specifying the relationship between the trajectory and the cross-section, namely the Frenet frame, modi ed Frenet frames, and the standard viewing-reference coordinate (VRC) frame, where each of these is generalized to the case of four dimensions. We have implemented the method using the four-dimensional VRC frame, and the method is illustrated here by means of two examples involving visualization of objects embedded in E 4 .
Introduction
In this paper, Euclidean n-space is denoted E n . We begin with a discussion of certain methods related to E 3 , and then discuss their generalization to E 4 .
One approach to the problem of representing solid objects in E 3 is the method of sweeping 1, 8, 9, 31] . One of the most general types of sweeping is the generalized cylinder 1, 7, 8, 24] , in which the represented object is speci ed by sweeping a cross-section C (de ned as a closed 2-D contour and the two-dimensional region it encloses) along a 3-D trajectory x comprised of points x(t), where t is a parameter. In general, C also may depend on the parameter t, as in the case of pro led sweep objects 1, 8, 33] . One possibility for specifying the relationship (in terms of coordinate systems) between the trajectory, and the cross-section C(t) corresponding to a point x(t) on the trajectory, is the Frenet frame 7, 8, 16, 24] , which comprises three vectors (t; n;b) at each point on the trajectory; here, t = t(t) is the tangent vector, n = n(t) is the normal vector, and b = b(t) is the binormal vector (see Figure 1 ).
One possibility for the parameter t is the \natural" arc-length parameter s. When the derivatives x 0 (s); x 00 (s); x 000 (s) with respect to s fail to be linearly independent, then either the curvature of the curve is zero, the torsion of the curve is zero, or both; these conditions correspond to an in ection point, or a curve lying in a lower-dimensional linear variety, or both. In such a case, the Frenet frame may be unde ned, or its principal axes may suddenly change direction, and it is natural to consider modi ed forms of the Frenet frame 7, 8, 16] .
Another possible moving coordinate system is the viewing-reference coordinate (VRC) frame, which also comprises three vectors at each point on the trajectory. The rst of these vectors is again the vector t, but the remaining two vectors are usually di erent from n and b. To de ne the other two vectors of the frame, we think of the plane orthogonal to t as a viewing plane, and suppose that an externally-given reference vector v ref has been speci ed. (This reference vector is usually thought of as the \up" direction, and denoted VUP.) The VRC coordinate frame is de ned provided that v ref and t are not collinear: the rst vector of the frame is t, the second vector is the projection of v ref into the plane orthogonal to t, and the third is chosen to complete a three-dimensional righthanded coordinate system. The VRC coordinate system has the advantage of being de ned in terms of a static external direction, which facilitates orientation of the object in the mind of a human observer; it has the disadvantage that it is In this paper we will give the necessary generalizations permitting the sweeping method to be applied to the problem of the representation of an object S in E 4 , by sweeping a subset C(t) of E 3 along a 4-D trajectory x(t), t t 0 . (More precisely, the set C(t) is a subset of the 3-D linear variety fv : x 0 (t) (v?x(t)) = 0g for each t.) The relationship between the trajectory, and the 3-D object C(t) being swept along the trajectory, can be speci ed using any of the coordinate frames mentioned, generalized to four dimensions. (In fact, the generalizations are available for Euclidean space E n for any positive integer n, but we provide detailed developments only in the case n = 4.) The advantages and disadvantages of each of the choices will also be discussed.
Another problem, which is in a certain sense dual to the problem of object representation, is that of visualization of objects represented by some other method.
For example, objects in E 4 can be represented by Regular Simplicial Complexes 4, 11, 20, 21, 22, 23] , with data structures that can be viewed as extensions of the standard winged-edge representation; alternatively, very general classes of objects in E 4 can be represented by using Selective Geometric Complexes 29] . However, the fact that an object has been represented using a 4-D representation scheme does not mean that it is easy for the human user to understand or visualize it. (The remark, that one of the real problems in visualization is \... how to arrange data so that it can be accessed intuitively ... " 32] is especially true in higher dimensions.) One possibility for the interactive exploration 34] of an already-represented object S in E 4 is to permit the user to specify incrementally a trajectory x(t) 2 E 4 , and to compute and display the 3-D cross-sections C(t i ) of S orthogonal to the trajectory, at a sequence of points x(t i ); i = 1; :::; along the trajectory. To maintain a description of the cross-section as we move along the trajectory, the cross-section can be represented in coordinates speci ed by one of the moving 4-D coordinate frames mentioned above. (Again, such moving frames are available in E n , but we give detailed developments only for n = 4, the case in which this visualization method is most likely to be useful.) All techniques for 3-D visualization are in principle available for visualization of the 3-D cross-sections C(t i ).
In our description, given earlier, of the sweeping method for E , the cross-sections C(t) are not restricted to be homeomorphs of the 3-D unit ball.
In the sequel, the words \solid" and \object" will be used interchangeably to refer to a subset of Euclidean space. Unless otherwise speci ed, the Euclidean space in question is of dimension 4: S represents a solid S E 4 , C(t) is a subset of the 3-D linear variety fv : x 0 (t) (v?x(t)) = 0g, and bold-face characters (such as x = x(t);e 1 ; ::: etc.) denote points and vectors in E 4 , with the exception of certain quantities (viz z, , p, q) in Section 2 which are in Euclidean spaces of di erent dimension.
In Section 2 of the paper we will summarize methods for object representation, and methods for object visualization, in E 4 . In Section 3 we will discuss the generalizations, necessary for our method, of the various coordinate frames, to dimensions greater than three, and discuss the advantages and disadvantages of each frame. Finally, in Section 4 we will describe an implementation of the method, based on the generalization of the VRC frame, and illustrate by means of examples the method's use in visualizing objects embedded in E 4 .
2 Object representation and visualization in E 4 In this section we give a brief summary of methods for object representation and visualization in E 4 .
Object representation
One natural approach to the representation of objects in four or higher dimensions is based directly on classical mathematical methods in algebraic topology: this is the method of Regular Simplicial Complexes 4, 11, 20, 21] . The basic building block used here is the simplex, which is the convex combination of n + 1 a nely independent points; combinations of such simplices satisfying certain wellformedness conditions are called complexes 11]. It is often convenient to restrict our attention to the regular sets 1 , and in this case natural generalizations of the winged-edge representation have been given 10]. Simplicial complexes have simple form and this is an important advantage in dealing with the complexity of objects in higher-dimensional spaces; on the other hand, the number of simplices necessary to represent an object may be very large, and a collection of simplices may not re ect the form of a represented object in a way that is natural to the human observer.
A generalization of certain other data structures, appropriate for the representation of manifolds, to Euclidean spaces of arbitrary dimension, was given in 6]. With this method objects are represented, using regular CW-complexes, as subdivisions of manifolds (with or without boundary).
Another modelling method which permits representation of objects in higher dimensions is that of the Selective Geometric Complexes 29] . In this method, objects are modelled by means of combinations of cells, which are connected subsets of real algebraic varieties. This approach has several advantages even for mod-
, including the possibility of modelling objects of mixed dimension. In addition, however, the cells referred to above may be of arbitrary dimension, and a Selective Geometric Complex may therefore be used to model objects in a space of dimension greater than three. (In particular, a 2-D surface in E 4 , such 1 For de niteness, we take this to mean \closed regular": S is closed regular if S = cl(int(S)), where cl denotes closure, and int denotes the interior of a set 27]. as the example objects described in Section 4, may be modelled using a Selective Geometric Complex.) Similarly, the method of 18] permits the de nition of objects in terms of cells of very general form.
Yet another modelling method 31, pp. 26 , 106] that may be used for representation in higher dimensions, and that which is closest to the topic of this paper, is called Generative Modelling. Here, the boundary of the set to be rep- 31, p. 27] , the boundary of the object to be represented is de ned by a transformation T(p; q) : E m E k ! E n where p 2 E m is a point to be transformed, and q 2 E k is a k-dimensional variable parametrizing a continuous piecewise-smooth transformation, which is to be applied to a speci ed subset of E m called the generator. In our case, if the 3-D set C (described in Section 1) is independent of t, then in the notation of 31, p. 27] we have n = 4, m = 3 and k = 1; our scalar parameter t plays the role of q, and the boundary @C of our set C plays the role of the generator in E 3 . The actual transformation applied to @C, in our case, is de ned implicitly by the trajectory x(t) and the position (speci ed in terms of a moving coordinate frame) of C for a given parameter value t t 0 .
Object visualization
Di erent approaches to the visualization of objects in E 4 , and higher-dimensional spaces, have been proposed, depending upon the application. For example, it is of interest to visualize objects O(t) E , or the attractor sets corresponding to dynamical systems having four degrees of freedom, modelled using the Lagrangian formulation 17]. Similarly, for attractor sets corresponding to dynamical systems with ve degrees of freedom 25] or more, we could use the method to visualize various 4-D projections of the ve-or higher-dimensional space in which the attractors lie.
Moving coordinate frames
In this section we introduce, in E 4 , coordinate frames that can be used to specify the system of coordinates as we move along the trajectory x(t), for purposes of either representation or visualization. In subsection 3.6, the relative merits of the various choices are discussed. Moving coordinate frames will usually be de ned in terms of vectors e i (s), where s is the arc-length parameter, and when there is no possibility of confusion, the parameter s will be deleted.
Parametrized curves in E n
In 12, p. 25], a parametrized curve in E n is de ned to be a smooth, regular map x : I ! E n , where I is an interval of the real line. \Smooth" means in nitely di erentiable; \regular" means that the velocity vector x 0 (t) = dx dt (t) is nonzero for all t 2 I. Two parametrized curves represent the same geometrical curve if they reduce to each other by a change in parameter; in particular, the \natural" arc-length parameter (mentioned above), is uniquely de ned by
up to a transformation s ! s+constant. ( The rate of change of the Frenet frame is given by e 0 i = ?k i?1 (s)e i?1 + k i (s)e i+1 ; i = 1; :::; n where k 0 = k n = 0, e 0 = e n+1 = 0. In particular, we have k 1 (s) = kx (2) (s)k; this is the curvature of the curve. In practice it is convenient to use trajectories that do not satisfy the condition that the derivatives x (1) (s); x (2) (s); x (3) (s) and x (4) (s) are linearly independent. Indeed, for the purposes of visualization of objects, we may want to use a sequence of trajectories of very simple form, such as line segments, and circular arcs lying in a 2-D linear variety. For example, in the implementation described below, It is easy to verify that x(s j?1 ) = x 0 , x (1) (s j?1 ) = d, kx (1) (s)k = 1, x (1) (s) and x (2) (s) are linearly independent, but x (3) (s) and x (4) (s) along with x (1) (s) and (s) = t(s) = e 1 (s), let e 2 (0); e 3 (0) and e 4 (0) be such that e 1 (0); e 2 (0); e 3 (0) and e 4 (0) form an orthonormal frame, and let e 1 (s); e 2 (s); e 3 (s) and e 4 (s) be an orthonormal frame de ned along x(s). The projection of this frame, into the 3-D linear variety containing x(s) and orthogonal to t(s), is given by e i ? e 1 (e 1 e i ); i = 2; 3; 4:
The rotation of this triple of vectors, relative to its initial position, is de ned by a two-parameter family of angles (in contrast to the 3-D case, where the rotation is de ned by a single angle whose minimization de nes the rotation-minimizing frame). C(s) fv : e 1 (s) (v ? x(s)) = 0g, exist as well-de ned subsets of Euclidean space. However, their appearance may change abruptly if we abruptly change the coordinate system in which they are described.)
Viewing-reference coordinate frame
A commonly used reference frame in computer graphics is the viewing-reference coordinate (VRC) frame, mentioned in the introduction, above. is an orthogonal matrix.
Comparison of alternative frames
There are two major di culties with using the Frenet frame in the context of a sweeping method, for representation or visualization of objects in E 4 . The rst is that the Frenet frame is de ned in terms of the arc-length parameter s, while the user may wish to specify a curve x(t) in terms of some other parameter t; this necessitates a reparametrization of x(t) in terms of the arc-length parameter s.
(This was easily done for the straight-line and circular-arc trajectories described above, but in general, as is true even in the case n = 3, there may be no convenient expression for the inverse of the mapping s = s(t).) The second di culty is that the frame is not de ned in the case when x (1) (s), x (2) (s), x (3) (s) and x (4) (s) are not linearly independent.
One way to avoid the reparametrization problem is to permit the user to de ne If the rotation-minimization modi cation of the Frenet frame is used, we must choose an appropriate measure of rotation minimization, in the 4-D case, and depending upon how this is done, it may still be necessary to deal with the reparametrization problem. Furthermore, it may still be necessary to accept sudden changes in the coordinate system, as for example when there is a change in the plane containing the trajectory (for example, Figure 3) , or when the trajectory returns to its starting point at s m 0 (for example, the thickened M obius strip 16, Figure 9 ] mentioned above). Such changes in the coordinate system will be especially disorienting in the case of visualization in E 4 .
The VRC frame appears to be the best choice from the point of view of permitting a human observer to orient an object, and this is the most important criterion in the case of representation and visualization in dimensions greater than three. Consequently, this was our choice for the implementation, described in the next section, of the sweeping method for E 4 . The four-dimensional VRC frame was described in subsection 3.5 in terms of the arc-length parameter s, but this was only for purposes of uniformity of presentation: use of the arc-length parameter is not essential. The vector t(s) can be computed from dx dt (t)=k dx dt (t)k using any parametrization x(t), and the computation of the vectors e 1 ,e 2 , e 3 and e 4 does not otherwise depend on s. The main disadvantage of the VRC frame is that the tangent vector e 1 = x 0 (s) is constrained to lie outside the plane de ned by the reference vectors v ref 1 
Implementation and examples
We have implemented the sweeping method for the case of visualization of planar surfaces, in E 4 , using the VRC frame. In this section we will describe our implementation, and illustrate the method by means of two examples. The rst example is the Klein bottle; in the second example, we examine the knot structure of another surface in E 4 .
Implementation
In our implementation 2 , facilities for the input of the test object, and the trajectory in E 4 , are quite rudimentary: the object is speci ed by placing a list of its de ning polygons in a le 3 , and a list of trajectory segments (straight-line or circular-arc) in another le 4 . It is possible to assign a colour (any R-G-B combination) to each polygon, and it is possible to specify that line segments be replaced by thin faceted cylinders, to facilitate relative depth perception.
The facilities provided for moving back and forth along the trajectory, to
various parameter values such as s = s j , and for visualization of C(s j ) (the intersection of the given object with the 3-D linear variety containing x(s j ) and orthogonal to x 0 (s j )), are more elaborate. The trajectory is divided into straightline and circular-arc segments, and each segment can be divided into steps of size s. It is possible, by clicking on graphics-interface menu buttons, to advance one step, back up one step, advance one segment, or back up one segment. The step-size s can be modi ed interactively. Given the position s = s j on the trajectory, the program computes and displays the 3-D set C(s j ) in colour. The basic viewing parameters are speci ed initially in a third input le 5 ; then, at each step, the user can, again by clicking on buttons in the menu provided, interactively rotate this 3-D object, change the viewing angles, and so on. The set C(s j ) is displayed relative to an indicated origin, which corresponds to x(s j ). 2 The C++ program realizing the implementation, for SUN workstations, is available by anonymous ftp at ftp.iro.umontreal.ca, in the directory pub/vision/softs/stewart. Documentation, including comments, is in the French language. 3 File lename.scn, where .scn suggests \scene". 4 File lename.trj, where .trj suggests \trajectory". 5 File lename.vsn, where .vsn suggests \vision".
Representation of the Klein bottle
Our representation of the Klein bottle (see Figure 4 , which is not to scale) can be viewed as comprising two parts. The rst is in the shape of an inverted-U, Figure 4 . A second face of the inverted-U is parallel to F 0 , in the plane x 1 = 1, at the right of Figure 4 ; this face has a hole, which is an opening to the second part of the object. The second part of the object is a horizontal tunnel which leads to the inside of the inverted-U by means of a hole The faces of the object are, in our implementation, required to be convex.
Thus, for example, the face in the plane x 2 = ?1 in Figure 4 = 0) are coloured magenta (equal parts of red and blue).
In the next subsection we will show the results of two exploratory trajectories passing through the Klein bottle. The rst trajectory enters the Klein bottle through the tunnel (we will be able, using our method, to observe that the tunnel Figure 6 . Two more curved segments are required later, to e ect the transition to the parts of the trajectory indicated by the arrows R and D in Figure 6 .
The second trajectory begins by following the initial arrow L exactly as illustrated in Figure 6 , but with x 4 = 0 throughout. In this case, when we reach x 1 = 0, we encounter the face F 0 (whereas with the rst trajectory we do not).
Exploration of the Klein bottle
We now present certain of the cross-sections C that were displayed on the screen while following the trajectories, described above, through the Klein bottle. Immediately afterwards (near x 1 = :9), we see only the outline of the yellow part of the inverted-U, and the outline of the tunnel (Figure 8 ). When we have followed the tunnel to x 1 = 0 using the rst trajectory, F 0 is visible, but it is far from the trajectory (see Figure 9 ). However, digressing momentarily, if we use the second trajectory, with x 4 = 0, then at x = (0; :5; :5; 0) we actually encounter the solid yellow face F 0 ; this is illustrated in Figure 10 .
Returning to our discussion of the rst trajectory, if we continue our leftward movement along L, then when we reach x = (?1; :5; :5; 0) we observe the vertical face containing the hole that allows us to enter the inverted-U (see Figure 11 ). (In Figure 11 , the ambiguity of the colour de nition at region boundaries causes the outline of the upper part of the inverted-U to appear in green. It could equally well have appeared in red.) As the trajectory turns upwards along arrow U, we are able, at x 3 = 1, to see the top of the tunnel: Figure 12 shows the object viewed in the direction of U. The set C consists here of the outline of the red part of the object and the outline of the yellow part of the object, along with the upper surface of the tunnel. If we use the viewing interface to rotate the set C displayed in Figure 12 , we obtain a nice view of the top of the tunnel as it veers o at 45 o in the x 4 -direction ( Figure 13 ). Continuing along the trajectory, past arrow R to arrow D, at x = (:5; :5; 1; 0) we obtain a similar view of the top of the tunnel (Figure 14) .
In Figure 14 we have again used the viewing interface to rotate the 3-D object C.
Other characteristics of the Klein bottle become apparent when moving around it, using the sweeping method: we have only given one example here. The implementation we have described would be useful, for example, in a pedagogical 
A further example
As a second example, also of visualization in E 4 , we used our method to explore another surface in E 4 , denoted here by K, whose representation is available in the public domain 6 . A relatively brief description of this example will be given here.
We used various trajectories to explore the surface K, including the rst trajectory used for the Klein bottle, in the example above, and including the 6 The faceted surface ks4mesh, placed in the public domain by A. Hanson, at ftp.cs.indiana.edu/pub/hma. Also available there is further documentation on this and other objects. A modi ed version of the le, compatible with and capable of immediate use with our implementation, is available at the ftp site mentioned in footnote 2, in the le K.scn. Figure 15 . Moving along the trajectory, the two loops in the middle of the picture split apart (near s = 2:057); then, the lefthand loose ends link up, and the righthand loose ends link up, to form the unknotted set illustrated in Figure 16 . The sets in Figures 15 and 16 are actually one-dimensional curves, rendered 7 here using faceted cylinders to permit the perception of relative depth.
